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Abstract. Our goal in the present paper is to give a new ergodic proof of a well-known
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1 Introduction
W. Veech in his remarkable paper [11, Theorem 3] (see also [7, p. 235]
and [8, Commentary of Problem 116, p. 203]), proved the following:
“Almost all” sequences (r1, . . . , rn, . . .) of positive integers have the fol-
lowing “universal” property: Whenever G is a compact separable group and
z1, z2, . . . , zn, . . . a sequence of elements of G that generates a dense subgroup
of G, then the sequence y1, y2, . . . , yn, . . ., where yn := zr1 · zr2 . . . zrn is uni-
formly distributed for the Haar measure on G. Veech called such sequences,
“uniformly distributed sequence generators”.
In [5] we prove that:
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“Almost all” sequences (r1, . . . , rn, . . .) of positive integers have the fol-
lowing “universal” property: Whenever (X, µ) is a Borel probability measure,
compact metric space and Φ1, Φ2, . . . , Φn, . . . a sequence of continuous, mea-
sure preserving maps on (X, µ), such that the action (by composition) on
(X, µ) of the semigroup with generators Φ1, . . . , Φn, . . . is amenable (as dis-
crete), uniquely ergodic and non-sensitive on suppµ, then for every x ∈ X
the sequence w1, w2, . . . , wn, . . . where
wn := Φrn(Φrn−1(. . . (Φr2(Φr1(x))) . . .))
is uniformly distributed for µ.
In the present paper we prove the next most special, albeit not direct,
corollary of [5].
“Almost all” sequences (r1, . . . , rn, . . .) of positive integers have the fol-
lowing “universal” property: Whenever G is a locally compact, amenable,
separable group acting (continuously) on (X, µ) (a Borel probability mea-
sure compact metric space), by measure preserving homeomorphisms, such
that the action is uniquely ergodic for µ and non-sensitive on suppµ (it turns
out that such an action is necessarily equicontinuous) and if Φn, n ∈ N is a
sequence in G that generates (by composition) a dense semigroup in G and
x ∈ X , then the sequence wn := Φrn(Φrn−1(. . . (Φr2(Φr1(x))) . . .)), n ∈ N is
uniformly distributed for µ.
This completes investigation of [4,5] and gives Veech’s theorem, at least for
metrizable groups.
The new element in the present paper is Proposition 4.1 that allows us
to use a combination of the methods of [4,5]. In fact, in many aspects, most
parts of the arguments of [4,5] are much simpler.
Next, let us explain how Veech’s theorem falls in the frame of the above
result.
Clearly, G acts on G (uniformly equicontinuously) by multiplication, i.e.
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for g ∈ G, x ∈ G, (x, g) 7→ x · g, G is amenable (as compact) and the
Haar measure mG is the unique invariant measure for this action. Also, the
assumption that z1, z2, . . . , zn, . . . generate a dense subgroup of G, implies
that the action of this subgroup on G (by right translations) is uniquely
ergodic for mG.
On the other hand, the assumption that z1, z2, . . . , zn, . . . generate a dense
subgroup of G, is equivalent to the assumption that z1, z2, . . . , zn, . . . generate
a dense semigroup in G (see [6, Theorem 9.16]).
Under these circumstances for G metrizable, in view of our result (in
particular for x = e) the sequence yn := zr1 · zr1 . . . zrn , n ∈ N is uniformly
distributed for G.
And a final remark: The general case, where the groupG is not necessarily
metrizable, can be treated by similar methods, since the topology of G is
defined by a family of pseudometrics (see [3, Chapter IX, Section 11]).
2 The main results
Throughout this paper (p1, . . . , pn, . . .) is a probability sequence with non-
zero entries (i.e. pn > 0 for each n and
∞∑
n=1
pn = 1). We consider now the set
of natural numbers N = {1, 2, . . .} endowed with the discrete topology. Then,
we take the one-point compactification of N and we get the compact space
N˜ := N ∪ {∞}. Let (N˜, m) be the measure space, where m is a probability
measure on N˜, defined bym({n})=pn, for every point n on N andm({∞})=0.
On the space Y := N˜Z, Z the integers, we consider the product measure
λ :=
+∞∏
−∞
m and the two-sided Bernoulli shift T :Y →Y , with T ({xn})={yn},
where yn = xn+1, for every n ∈ Z.
Also, throughout this paper, G is an amenable, locally compact separable
group acting (continuously) on a Borel probability measure, compact metric
space (X, µ) and the action is uniquely ergodic for µ and non-sensitive on
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suppµ. It turns out (see Corollary 4.1), that such an action is necessarily
equicontinuous.
Next, let Φ1, . . . , Φn, . . . be a sequence in G, that generates a dense semi-
group in G. (Note that the action of this semigroup in (X, µ) is also uniquely
ergodic).
We set up the skew product
Ψ : X × Y → X × Y defined by Ψ (x, r) := (Φr1(x), T (r))
where r := (. . . , r−n, . . . , r−1, r0, r1, . . . , rn, . . .), conventionally we set
Φ∞ ≡ IdX (IdX the identity on X).
Clearly Ψ is Borel measurable and µ× λ is invariant under Ψ .
Theorem 2.1. If τ is a Borel probability measure on X × Y , invariant for
Ψ , such that the projection of τ on Y equals λ, then τ coincides with µ× λ.
From the above theorem, taking r = (. . . , r−n, . . . , r−1, r0, r1, . . . ,
rn, . . .) ∈ N
Z a generic point for T , it is easily seen, using some standard re-
sults (see [5, pp. 193-194]), that (r1, . . . , rn, . . .) has the property mentioned
in the abstract.
3 Invariant measures for continuous maps
The space M(X) of all Borel probability measures on X is metrizable
in the weak∗ topology. If
{
fn
}∞
n=1
is a dense subset of C(X) (the space of
continuous functions on X), then
d(σ, ν) :=
∞∑
n=1
|
∫
fndσ −
∫
fndν|
2n‖fn‖
is a metric on M(X) giving the weak∗ topology. Also, M(X) is compact in
this topology.
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For Φ : X → X continuous, hence Borel measurable, we have the contin-
uous affine map
ϕ : M(X)→M(X) given by (ϕσ)(B) = σ(Φ−1(B))
for B a Borel set.
We have
Theorem 3.1. Let Fm, m ∈ N be a Fo¨lner sequence in G. For ν ∈ M(X)
and m ∈ N we consider the measures
µνm :=
1
mG(Fm)
∫
Fm
ϕ(ν) dmG(Φ)
(where mG is the Haar measure on G), or more concretely∫
X
f(x) dµνm(x) :=
1
mG(Fm)
∫
Fm
∫
X
f(Φ(x)) dν(x) dmG(Φ)
for every f ∈ C(X) and every m ∈ N.
Then, d(µνm, µ)→ 0 for m→∞ uniformly for ν ∈ M(X).
Proof. Suppose that the conclusion of the theorem does not hold. Then,
there exist an ε > 0, a subsequence Fmn , n ∈ N of Fm, m ∈ N and a sequence
νn, n ∈ N in M(X) such that
d(µνnmn , µ) > ε. (1)
For f ∈ C(X) we have∫
X
f(x) dµνnmn(x) :=
1
mG(Fmn)
∫
Fmn
∫
X
f(Φ(x)) dνn(x) dmG(Φ)
and for H ∈ G (h : M(X)→M(X) the induced map),∫
X
f(x) dh(µνnmn(x)) : =
1
mG(Fmn)
∫
Fmn
∫
X
f(H ◦ Φ(x)) dνn(x) dmG(Φ)
=
1
mG(Fmn)
∫
H Fmn
∫
X
f(Φ(x)) dνn(x) dmG(Φ).
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So ∣∣∣∣
∫
X
f(x) dµνnmn(x)−
∫
X
f(x) dh(µνnmn(x))
∣∣∣∣
≤
1
mG(Fmn)
∫
Fmn△HFmn
∫
X
|f(Φ(x)|dνn(x) dmG(Φ)
≤
mG(Fmn△HFmn)
mG(Fmn)
‖f‖∞ → 0 for n→∞.
Hence, every w∗-limit of the sequence µνnmn , n ∈ N is invariant under the
action of G, so equals µ contradicting (1). 
4 Some results on amenable, non-sensitive actions
We recall the following
Definition 4.1. (See also [1, p. 23]) A continuous action of a group G, on a
compact metric space (X, υ) (υ denotes the metric on X), is called sensitive
on a subset X ′ ⊂ X, if there exists a β > 0, such that for every x ∈ X ′
and δ > 0, there exist a y ∈ X with υ(x, y) < δ and an h ∈ G, such that
υ(h(x), h(y)) ≥ β. Otherwise the action is called non-sensitive on X ′ ⊂ X.
We set for k ∈ N
Ek := {x ∈ X : there exists an open neighborhood U of x such that
x1, x2 ∈ U ⇒ υ(Φ(x1), Φ(x2)) <
1
k
, for all Φ ∈ G}.
Clearly, Ek is open and since the action of G is non-sensitive on suppµ,
Ek ∩ suppµ 6= ∅, for every k ∈ N.
Note that a x ∈ X is an equicontinuity point for G, if for every ε > 0
there exists a δ > 0 such that υ(x, y) < δ implies υ(Φ(x), Φ(y)) < ε, for every
Φ ∈ G. Clearly,
∞⋂
k=1
Ek is the set of equicontinuity points for G.
Lemma 4.1. Let k ∈ N. Then for every x ∈ X\Ek there exists a Φix ∈ G,
such that Φix(x) ∈ Ek.
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Proof. For k ∈ N, the set
Qk := (X\Ek)
∖ ⋃
Φ∈G
Φ−1(Ek)
is compact and forward invariant under the elements of G.
In case that Qk 6= ∅, by an application of Day’s fixed point theorem
[2, Theorem 1], there exists a Borel probability measure τ supported on Qk
and invariant under G, so τ = µ. But this contradicts the fact that Ek ∩
suppµ 6= ∅, for every k. So, Qk = ∅ and the conclusion of the lemma follows
immediately. 
Corollary 4.1. The group G acts on X equicontinuously.
Proof. Since the maps Φ : X → X , Φ ∈ G are open (as homeomorphisms),
it is easily seen that Φ(Ek) ⊆ Ek for every k ∈ N and Φ ∈ G.
Let x ∈ X . Suppose, if possible, that x is not an equicontinuity point for
the action of G in X . Then
x ∈ X
∖ ∞⋂
k=1
Ek.
So, there exists a k0 ∈ N such that x /∈ Ek0 . By the previous lemma, there
exists a Φix ∈ G such that Φix(x) ∈ Ek0 . Since Φ(Ek0) ⊆ Ek0 , for every
Φ ∈ G, clearly we have Φ−1ix ◦ Φix(x) = x ∈ Ek0, a contradiction. 
We set Seq :=
∞⋃
n=1
N
n the set of finite sequences of positive integers, and
for r = (r1, . . . , rn) ∈ Seq, Φr := Φrn ◦ · · · ◦ Φr1, ϕr := ϕrn ◦ · · · ◦ ϕr1 and
Θ := {ϕr : r ∈ Seq}.
Under the above setting we have the following proposition, which is the
new element that gives the possibility to use a combination of the methods
of [4,5] in the present situation (see [5, Proposition 3.1]).
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Proposition 4.1. There exists a sequence ρm, m ∈ N in conv(Θ) (the convex
hull of Θ) such that
d(ρm(σ), µ)→ 0 uniformly for σ ∈M(X).
Proof. By Theorem 3.1, we can assume that there exist a Fo¨lner sequence
Fm, m ∈ N in G, and εm > 0, m ∈ N with εm → 0 for m → ∞ such that
setting, for σ ∈M(X), µσm ∈M(X) with∫
X
fdµσm :=
1
mG(Fm)
∫
Fm
∫
X
f(Φ(x))dσdmG(Φ) for f ∈ C(X)
we have
d(µσm, µ) < εm for m = 1, 2, . . . and σ ∈M(X). (2)
Let D⊆X be denumerable, with D=X . We enumerate D = {xi : i ∈ N}
and set A := {δxi : xi ∈ D, i ∈ N and δxi is the Dirac measure on xi}
(⊆M(X)).
Also, let {fn : n ∈ N}(⊆ C(X)) be dense in C(X) (clearly {fn : n ∈ N}
defines the metric on M(X), see above).
Let m ∈ N. For n = 1, . . . , m, i = 1, . . . , m we set
gin : G→ R, where g
i
n(Φ) =
∫
X
fn ◦ Φ(x)dδxi .
It is easily seen, that the above gin are continuous.
Clearly, for m ∈ N and n = 1, . . . , m, i = 1, . . . , m we have∫
X
fndµ
δxi
m =
1
mG(Fm)
∫
Fm
gin(Φ)dmG. (3)
We set B := {Φℓ : ℓ ∈ Seq}. By assumption we have B = G.
By [9, Chapter II, Theorem 6.3], form ∈ N there exists a convex combination
km∑
k=1
λkδΦℓk , Φℓk ∈ B, k = 1, . . . , km
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of Dirac measures on M(G), such that for i = 1, . . . , m and n = 1, . . . , m
∣∣∣∣ 1mG(Fm)
∫
Fm
gin(Φ)dmG −
km∑
k=1
λkg
i
n(Φℓk)
∣∣∣∣ ≤ εm · ‖fn‖.
So, in view of (3) and the definition of the gin’s, for m ∈ N, i = 1, . . . , m and
n = 1, . . . , m
∣∣∣∣
∫
X
fndµ
δxi
m −
km∑
k=1
λk
∫
X
fn ◦ Φℓk(y)dδxi
∣∣∣∣ ≤ εm · ‖fn‖. (4)
Setting ρm :=
km∑
k=1
λkϕℓk , we have for m ∈ N, i = 1, . . . , m and n =
1, . . . , m ∣∣∣∣
∫
X
fndµ
δxi
m −
∫
X
fndρm(δxi)
∣∣∣∣ ≤ εm · ‖fn‖.
So, for m ∈ N and i = 1, . . . , m
d(µ
δxi
m , ρm(δxi)) ≤ εm
(
1−
1
2m
)
+ 2
∞∑
n=m+1
1
2n
< εm +
1
2m−1
. (5)
Combining (2) and (5), it follows that for m ∈ N and i = 1, . . . , m
d(ρm(δxi), µ) < 2εm +
1
2m−1
. (6)
Claim 1. ρm(δx)→ µ uniformly for x ∈ X .
Let ε > 0. There exists an m0 ∈ N such that
1
2m−1
< ε and εm < ε for m > m0.
Let f1, . . . , fm0 . For the given ε > 0 there exists δ > 0, such that for x, x
′ ∈ X
with v(x, x′) < δ
|fn(x)− fn(x
′)| < ε · ‖fn‖ for n = 1, . . . , m0
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(where v denotes the metric on X).
Since B := {Φℓ : ℓ ∈ Seq} is equicontinuous, for the above δ > 0 there exists
θ > 0 such that for y, y′ ∈ X with v(y, y′) < θ
v(Φℓ(y), Φℓ(y
′)) < δ for every Φℓ ∈ B.
Since D = X , there exists an m∗ > m0 such that for every x ∈ X , there
exists a xi∗ ∈ D, i∗ ∈ {1, . . . , m∗} with v(xi∗ , x) < θ.
So, for every x ∈ X , m > m∗ and n = 1, 2, . . . , m0 we have∣∣∣∣
km∑
k=1
λk
∫
X
fn ◦ Φℓk(y)dδxi∗ −
km∑
k=1
λk
∫
X
fn ◦ Φℓk(y)dδx
∣∣∣∣ < ε · ‖fn‖
and in view of (4), since i∗ ∈ {1, . . . , m∗}, we have for every x ∈ X , m > m∗
and n = 1, 2, . . . , m0∣∣∣∣
∫
X
fndµ
δxi∗
m −
∫
X
fndρm(δx)
∣∣∣∣ ≤ 2 · ε · ‖fn‖
(note that εm < ε for m > m∗ > m0).
So, for every x ∈ X , m > m∗ we have
d(µ
δxi∗
m , ρm(δx)) < 2ε+
1
2m0−1
.
Finally, by (6) we have that for every x ∈ X and m > m∗
d(ρm(δx), µ) <
(
2εm +
1
2m−1
)
+
(
2ε+
1
2m0−1
)
< 4ε+ 2ε = 6ε
(note that for m > m∗ > m0, εm < ε and
1
2m−1
< ε).
Claim 2. ρm(σ)→ µ uniformly for σ ∈
{ s∑
k=1
λkδxk :
s∑
k=1
λk = 1, xk ∈ D
}
.
Indeed, the claim holds from Claim 1, since ρm(σ) is a convex combination
of measures of the form ρm(δx), x ∈ X .
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Finally, ρm(σ)→µ uniformly for every σ ∈M(X), since the set
{ s∑
k=1
λkδxk :
s∑
k=1
λk = 1, xk ∈ D
}
is dense in M(X) by [9, Chapter II, Theorem 6.3]. 
The following lemma is a simplification of [5, Lemma 4.4].
Lemma 4.2. Let ρm, m ∈ N a sequence in conv(Θ) as in Proposition 4.1, νm,
m ∈ N, hm, m ∈ N sequences in M(X) and Seq respectively and f ∈ C(X).
Then ∫
X
f ◦ Φhm
ℓ
dρmℓ(νmℓ) −→
∫
X
fdµ for ℓ→∞,
for some subsequence mℓ, ℓ ∈ N, of m ∈ N.
Proof. Since the action of G on X is equicontinuous, the sequence Φhm ,
m ∈ N is equicontinuous for every sequence hm, m ∈ N in Seq. Then f ◦Φhm ,
m ∈ N is equicontinuous, so by Arzela-Ascoli theorem it has a uniformly
convergent subsequence
f ◦ Φhm
ℓ
u
−→ f˜ ∈ C(X).
Then for ε > 0 there exists an ℓ1 ∈ N such that
‖f ◦ Φhmℓ − f˜‖∞ < ε for ℓ ≥ ℓ1.
So ∣∣∣∣
∫
X
f ◦ Φhm
ℓ
dρmℓ(νmℓ)−
∫
X
f˜dρmℓ(νmℓ)
∣∣∣∣ < ε for ℓ ≥ ℓ1. (7)
On the other hand, by Proposition 4.1 there exists an ℓ2 ∈ N such that∣∣∣∣
∫
X
f˜dρmℓ(νmℓ)−
∫
X
f˜dµ
∣∣∣∣ < ε for ℓ ≥ ℓ2. (8)
By (7) and (8) there exists an ℓ0 ∈ N so that∣∣∣∣
∫
X
f ◦ Φhm
ℓ
dρmℓ(νmℓ)−
∫
X
f˜dµ
∣∣∣∣ < 2ε for ℓ > ℓ0.
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Hence ∫
X
f ◦ Φhm
ℓ
dρmℓ(νmℓ) −→
∫
X
f˜dµ for ℓ→∞.
Now it suffices to show that
∫
X
fdµ =
∫
X
f˜dµ.
Indeed,
∫
X
f ◦ Φhm
ℓ
dµ =
∫
X
fdµ, since the Φr’s, r ∈ Seq preserve the
measure µ and f ◦ Φhm
ℓ
u
−→ f˜ , so
∫
X
fdµ =
∫
X
f˜dµ. 
Corollary 4.2. Let ρm, m ∈ N, νm, m ∈ N, hm, m ∈ N sequences as
in Lemma 4.2 and K ⊂ X Jordan measurable, i.e. µ(∂K) = 0 (∂K the
boundary of K) with µ(K) > a, for some 0 < a < 1. Then there exists an
mℓ0 ∈ N such that ∫
X
χK ◦ Φhm
ℓ0
dρmℓ0 (νmℓ0 ) > a.
The proof of the corollary is similar to that of [5, Corollary 4.3], so we
omit it.
5 Some technical lemmata
In the sequel, we assume the curriculum of notations and definitions of
[4, Section 5]. For A ⊆ Z, prA : N
Z → NA denotes the natural projection
and for k ∈ N, Zk := {−k, . . . , 0, . . . , k}.
We recall from [4] and [5] the following lemmata.
Lemma 5.1. Let B ⊆ NZ compact with λ(B) > 0 and β with 0 < β < 1.
Then there exists an a = (a−k, . . . , a−1, a0, a1, . . . , ak) ∈ N
Zk , for k ∈ N such
that
λ(pr−1
Zk
{a} ∩ B)
λ
(
pr−1
Zk
{a}
) > 1− β.
Proof. See [4, Lemma 5.1]. 
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Lemma 5.2. Let F ⊆ Seq finite. Then there exists a β, 0 < β < 1, such
that, if B ⊆ NZ measurable, with λ(B) > 0 and a ∈ NZk for some k ∈ N
satisfying
λ(pr−1
Zk
{a} ∩ B)
λ(pr−1
Zk
{a})
> 1− β,
then for sufficiently large n (n ≥ n1), there exists a tn ∈ N
n−2k−1 such that
λ([p˜r−1{(a, tn, z, a)} ∩ T
n+|z|(B)] ∩ [p˜r−1{a} ∩ B]) > 0
for all z ∈ F , (where |z| denotes the length of z).
Proof. See [5, Lemma 6.1]. 
The following lemma is highly technical and its meaning will be clear in
the proof of Theorem 6.2.
Lemma 5.3. Let ν be a Borel probability measure on X × Y singular with
respect to µ × λ, such that the projection of ν on Y coincides with λ. Then
given 0 < ω < 1, 0 < θ < 1 and h : R+ → R+ a non-decreasing function,
there exist Qk, k = 1, 2, . . . , s, s ∈ N, disjoint compact subsets of X, K ⊆
X\
s⋃
k=1
Qk compact, and B ⊆ Y compact, with λ(B) > 0, such that
(i) µ(K) > 1− ω, µ(∂K) = 0 (∂K the boundary)
(ii) setting e := distance
(
K,
s⋃
k=1
Qk
)
> 0, we have
diameter (Qk) < h(e) for k = 1, 2, . . . , s
(iii) νy
( s⋃
k=1
Qk
)
> 1− θ, for y ∈ B
(iv) |νy(Qk)− νy′(Qk)| <
θ
s
for every y, y′ ∈ B, k = 1, 2, . . . , s
(where νy denotes the conditional measure induced by ν on the fiber
X × {y}).
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Proof. See [4, Lemma 6.1]. 
Note. Although the Φ’s in [4] are commutative, this is not used in the proof
of [4, Lemma 6.1].
Under the assumptions of Lemma 5.3, we have the following
Corollary 5.1. Let y0 ∈ B, B
′ ⊂ B measurable, with λ(B′) > 0 and P ⊂
{1, 2, . . . , s}, such that
∑
k∈P
νy0(Qk) > 1− ε, for 0 < ε < 1.
Then
ν
(( ⋃
k∈P
Qk
)
× B′
)
> ((1− ε)− θ) · λ(B′).
Proof. See [5, Corollary 5.1]. 
6 The proof of Theorem 2.1
The proof of Theorem 2.1 will be given in two major steps. First, we
shall prove that if τ is absolutely continuous with respect to µ × λ then τ
coincides with µ × λ. Second, we shall prove that τ has a trivial singular
part with respect to µ × λ. These two steps are described in Theorems 6.1
and 6.2, respectively.
We have
Theorem 6.1. The measure µ × λ is the unique Borel probability measure
on X×Y , invariant under Ψ and absolutely continuous with respect to µ×λ.
Proof. This follows from the ergodicity of the skew product Ψ , see the random
ergodic theorem in [10]. 
Remark. Note that the use of the random ergodic theorem of Ryll-Nardzewski
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(see [10]) gives immediately Theorem 6.1, so we can omit the lengthy proof
of the “first step” that appears in [4, Proposition 5.1] and [5, Theorem 6.1].
The proof of the following theorem is an amalgamation of the proofs of
[4, Theorem 7.1] and [5, Theorem 7.1].
Theorem 6.2. Let ν be a Borel probability measure on X × Y singular with
respect to µ × λ, such that the projection of ν on Y coincides with λ. Then
ν is not invariant under Ψ .
Proof. Suppose that the conclusion of the theorem does not hold i.e. ν is
invariant for Ψ .
Since the semigroup H generated by Φ1, . . . , Φn, . . . acts equicontinuously
onX (by Corollary 4.1), if ρ denotes the metric onX , then clearly there exists
a non-decreasing h : R+ → R+, such that for every f ∈ H and x, y ∈ X with
ρ(x, y) < h(δ) (δ > 0), then ρ(f(x), f(y)) < δ. Now given 0 < ω <
1
100
,
0 < θ <
1
100
and h as above, by Lemma 5.3 there exist Qk, k = 1, . . . , s,
disjoint compact subsets of X , K ⊆ X\
s⋃
k=1
Qk compact and B1 ⊆ Y := N˜
Z
compact with λ(B1) > 0 satisfying conditions (i), (ii), (iii), (iv) of the lemma,
(with B1 in place of B).
Let B′1 := B1 ∩ N
Z. Then λ(B′1) = λ(B1) > 0 and by the regularity of λ,
there exists some compact B ⊆ B′1, such that λ(B) > 0. The set B satisfies
the conditions of Lemma 5.3
We consider ρm, m ∈ N a sequence in conv(Θ) as in Proposition 4.1. Since
ρm ∈ conv(Θ), there exist a finite Fm ⊂ Seq and θz(m) > 0 for z ∈ Fm, such
that
∑
z∈Fm
θz(m) = 1 and ρm =
∑
z∈Fm
θz(m)ϕz.
By Lemma 5.2 for each Fm, (m ∈ N) there exists a βm, 0 < βm < 1,
satisfying the conclusion of that lemma.
Applying Lemma 5.1 repeatedly, we find for each couple
B, βm m = 1, 2, . . .
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a km ∈ N and an a
(m) = (a
(m)
−km
, . . . , a
(m)
0 , . . . , a
(m)
km
) ∈ NZkm satisfying
λ(B ∩ pr−1
Zkm
{a(m)})
λ(pr−1
Zkm
{a(m)})
> 1− βm (9)
for m = 1, 2, . . . .
Next, applying Lemma 5.2 repeatedly, taking in view of (9), we find for
each quadruple
Fm, βm, B, a
(m) ∈ NZkm for some km ∈ N, m = 1, 2, . . . ,
an nm ∈ N and a tnm ∈ N
nm−2km−1 such that, setting tnm = tm for brevity in
the notation,
λ([p˜r−1{a(m), tm, z, a
(m)} ∩ T nm+|z|(B)] ∩ [p˜r−1{a(m)} ∩ B]) > 0, (10)
for all z ∈ Fm.
In the sequel we fix some y0 ∈ B and set
γk :=
νy0(Qk)
νy0
( s⋃
i=1
Qi
) , k = 1, 2, . . . , s.
We fix xk ∈ Qk, k = 1, 2, . . . , s and consider the probability measure
τ :=
s∑
k=1
γkδxk , (δxk the Dirac measure).
At the present situation, we can apply Corollary 4.2 for the sequences
ρm, m ∈ N (previously considered),
hm := (a
(m)
−km
, . . . , a
(m)
−1 , a
(m)
0 ), m ∈ N, νm := ϕ(a(m)+ ,tm)
τ, m ∈ N
and K, (where a
(m)
+ = (a
(m)
1 , . . . , a
(m)
km
) and a
(m)
− = (a
(m)
−km
, . . . , a
(m)
0 )(= hm))
and find an mℓ0 such that, setting mℓ0 = m0 for brevity in the notation∫
X
χK ◦ Φa(m0)
−
dρm0(νm0) > 1− ω.
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Since ρm0 is a convex combination, there exists a z
∗
m0
∈ Fm0 such that∫
X
χK ◦ Φa(m0)
−
dϕz∗m0 (νm0) > 1− ω,
i.e. by the form of νm0∫
X
χK ◦ Φ(a(m0)+ ,tm0 ,z∗m0 ,a
(m0)
−
)
dτ > 1− ω. (11)
We set
ξk := Φ(a(m0)+ ,tm0 ,z∗m0 ,a
(m0)
−
)
(xk), k = 1, . . . , s
and since
ϕ
(a
(m0)
+ ,tm0 ,z
∗
m0
,a
(m0)
−
)
( s∑
k=1
γkδxk
)
=
s∑
k=1
γkδξk
setting P := {k ∈ {1, 2, . . . , s}|ξk ∈ K}, by (11) we have∑
k∈P
γk > 1− ω.
So, by the definition of the γk’s
∑
k∈P
νy0(Qk) > (1− ω) · νy0
( s⋃
i=1
Qi
)
and since by (iii) of Lemma 5.3 νy0
( s⋃
i=1
Qi
)
> 1− θ we have
∑
k∈P
νy0(Qk) > (1− ω)(1− θ). (12)
Claim.
(
Φ
(a
(m0)
+ ,tm0 ,z
∗
m0
,a
(m0)
−
)
( ⋃
k∈P
Qk
))
∩
( s⋃
k=1
Qk
)
= ∅.
Indeed, by (ii) of Lemma 5.3, diameter(Qk) =diameter (Qk) < h(e), for
k = 1, 2, . . . , s, where e := distance
(
K,
s⋃
k=1
Qk
)
, so we have
diameter(Φ
(a
(m0)
+ ,tm0 ,z
∗
m0
,a
(m0)
−
)
(Qk)) < e, for k = 1, 2, . . . , s.
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On the other hand by the definition of P, we have ξk := Φ(a(m0)+ ,tm0 ,z∗m0 ,a
(m0)
−
)
(xk) ∈
K, for k ∈ P, where xk ∈ Qk. So for k ∈ P
(Φ
(a
(m0)
+ ,tm0 ,z
∗
m0
,a
(m0)
−
)
(Qk)) ∩
( s⋃
k=1
Qk
)
= ∅
i.e. the claim.
Next, we set
W ∗ := [p˜r−1{(a(m0), tm0 , z
∗
m0
, a(m0)) ∩ T nm0+|z
∗
m0
|(B)] ∩ [p˜r−1{a} ∩ B].
(where |z∗m0 | denotes the length of z
∗
m0
)
By (10) we have λ(W ∗) > 0. Clearly, T−(nm0+|z
∗
m0
|)(W ∗) ⊆ B, so by (12)
and Corollary 5.1 we have
ν
(( ⋃
k∈P
Qk
)
×T−(nm0+|z
∗
m0
|)(W ∗)
)
>((1− ω)(1− θ)− θ)·λ(T−(nm0+|z
∗
m0
|)(W ∗))
=((1− ω)(1−θ)− θ) · λ(W ∗). (13)
Clearly, by the form of W ∗ we have
Ψnm0+|z
∗
m0
|
(( ⋃
k∈P
Qk
)
×T−(nm0+|z
∗
m0
|)(W ∗)
)
=(Φ
(a
(m0)
+ ,tm0 ,z
∗
m0
,a
(m0)
−
)
(⋃
k∈P
Qk
))
×W ∗
(14)
which is measurable, since Qk are compact sets.
By the invariance of ν under Ψ and (13) we have
ν
[
Ψnm0+|z
∗
m0
|
(( ⋃
k∈P
Qk
)
×T−(nm0+|z
∗
m0
|)(W ∗)
)]
>ν
[( ⋃
k∈P
Qk
)
×T−(nm0+|z
∗
m0
|)(W ∗)
]
>((1− ω)(1− θ)− θ)·λ(W ∗).
(15)
By (14) and (15) we have
ν
[(
Φ
(a
(m0)
+ ,tm0 ,z
∗
m0
,a
(m0)
−
)
( ⋃
k∈P
Qk
))
×W ∗
]
>((1− ω)(1− θ)− θ)·λ(W ∗). (16)
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On the other hand, since clearly W ∗ ⊆ B, by (iii) of Lemma 5.3 we have
νy
( s⋃
k=1
Qk
)
> 1− θ, for every y ∈ W ∗ and intergrating the above inequality
over W ∗, we have
ν
(( s⋃
k=1
Qk
)
×W ∗
)
> (1− θ) · λ(W ∗). (17)
Finally, (16), (17) and the claim give
ν(X ×W ∗) >
3
2
· λ(W ∗)
which obviously contradicts the fact that the projection of ν on Y coincides
with λ. 
Finally, combining Theorems 6.1 and 6.2, we can conclude the proof of
Theorem 2.1. For more details, see [5, Section 8].
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